Published by Institute of Physics Publishing for SISSA/ISAS Received: September 03, 2002 Accepted: September 26, 2002

More comments on superstring interactions in the pp-wave background

Ari Pankiewicz

Max-Planck-Institut für Gravitationsphysik, Albert-Einstein-Institut Am Mühlenberg 1, D-14476 Golm, Germany E-mail: apankie@aei-potsdam.mpg.de

Abstract: We reconsider light-cone superstring field theory on the maximally supersymmetric pp-wave background. We find that the results for the fermionic Neumann matrices given so far in the literature are incomplete and verify our expressions by relating them to the bosonic Neumann matrices and proving several non-trivial consistency conditions among them, as for example the generalization of a flat space factorization theorem for the bosonic Neumann matrices. We also study the bosonic and fermionic constituents of the prefactor and point out a subtlety in the relation between continuum and oscillator basis expressions. We prove that if one requires the vertex to have an exponential form, the use of a different fermionic zero-mode vertex leads to inconsistencies not visible in supergravity.

Keywords: String Field Theory, Penrose limit and pp-wave background.

© SISSA/ISAS 2002 http://jhep.sissa.it/archive/papers/jhep092002056 /jhep092002056 .pdf

Contents

1. Introduction 1

2. Review of free string theory on the pp-wave 3

3. Interacting string theory 5

4. Properties of the Neumann matrices and the flat space limit 8

5. The constituents of the prefactor 11 5.1 The bosonic constituents 11 5.2 The fermionic constituent 14

6. Conclusions 16

A. Some summation formulae 17

B. The exponential part of the vertex 17

C. A note on the fermionic zero-mode vertex 20

1. Introduction

As is well known by now, besides flat space and AdS_5 × S^5 type-IIB superstring theory admits an additional solution preserving all 32 supersymmetries, the maximally supersymmetric pp-wave background [1]. In contrast to flat space and AdS_5 × S^5 which are related being the asymptotic and near-horizon geometry of the D3-brane, respectively, the maximally supersymmetric pp-wave solution is obtained from AdS_5 × S^5 by the Penrose limit [2], i.e. blowing up the neighborhood of the trajectory of a massless particle rotating around a great circle of the S^5. This observation led Berenstein, Maldacena and Nastase (BMN) [3] to a generalization of the AdS/CFT correspondence to the pp-wave background, by proposing that on the Yang-Mills side the Penrose limit is mimicked by focusing on a subset of composite operators of N = 4 SYM with large-R charge. The main importance of this conjectured correspondence lies in the fact that, in contrast to IIB string theory on AdS_5 × S^5 which due to the presence of the RR 5-form flux is still largely intractable, in the light-cone GS formalism type-IIB theory in the maximally supersymmetric pp-wave background is free and thus exactly solvable [4, 5] despite of the RR flux.

Due to the solvability of the theory it is natural to try to include interactions in the picture. In light-cone (closed) superstring field theory interactions are encoded in a cubic interaction vertex, which in flat space was studied in detail by Green, Schwarz and Brink [6, 7] and recently has been generalized to the pp-wave background by Spradlin and Volovich [8, 9]. The interaction vertex can be split into two parts, one — the exponential

– 1 – part of the vertex — contains the Neumann matrices and is necessary to impose the kinematic constraints of the interaction [6, 7]. The second part — the so called prefactor — implements the dynamical constraint that the superalgebra is realized in the interacting theory [6, 7].

In the usual AdS/CFT correspondence it is used that SU(N) N = 4 SYM perturbation theory can be written as a double series expansion in the genus counting parameter 1/N^2 and the ’t Hooft coupling λ = g^2_{YM}N. String theory on AdS_5 ×S^5 has three parameters, the string length √ α^′, the string coupling g_s and — characterizing the background — the AdS and sphere radius R from which we can form two dimensionless quantities to be matched with corresponding parameters of the gauge theory

R^2 α^′ = √ λ , and 4πg_s = g^2_{YM} . (1.1)

In particular the supergravity approximation, where explicit calculations can be performed, corresponds to strongly coupled gauge theory and this makes a detailed comparison of nonprotected quantities very difficult. In the pp-wave case one considers the sector of operators in the SYM theory with U(1) charge J and conformal dimension Δ such that the difference Δ − J remains fixed in the limit J, Δ → ∞. One also takes N → ∞ such that J ∼ √ N and keeps g^2_{YM} finite [3]. There is evidence [10, 11] that in this case the theory can again be expanded in a double series in the effective genus counting parameter g^2 = J^4/N^2 and the effective coupling λ^′ = g^2_{YM}N/J^2. Moreover the finite quantity Δ − J turns out to be a function of λ^′ and g^2 [3, 12, 13]. So we are still left with two parameters on the gauge theory side in the pp-wave limit, although we introduced the quantity J and so λ^′ and g^2 depend on three parameters. However, since both J and N are strictly taken to infinity, only the ratio J^2/N survives as a true parameter. Light-cone string theory in the pp-wave background effectively has three parameters, the string length |α| ≡ α^′|p^+|, the string coupling g_s and the scale μ characterizing the background. The matching in this case is [3] 1 (μα)^2

= λ^′ , and 4πg_s(μα)^2 = g_2 . (1.2)

An interesting property of the duality between string theory on the pp-wave and the subsector of composite operators in N = 4 SYM with large-R charge is that in this case both sides of the duality are simultaneously accessible in their perturbative regimes.

A definite proposal which quantity on the field theory side should be matched with three-string amplitudes was put forward in [11] for the free, planar limit corresponding to μ = ∞^1 on the string theory side. Various checks of this proposal and further studies of cubic interactions in the pp-wave background and their comparison to field theory were done in [9] and [14]–[18]. So called vector operators were studied in [19], whose results suggest that the proposal of [11] has to be modified for mixed scalar/vector operators, in order to match string theory predictions.^2 An alternative resolution — to use a different fermionic zero-mode vertex as compared to [8] — was proposed in [20]. However, in appendix C

1Whenever we write μ = ∞ or μ → 0 we actually mean the dimensionless quantity μ|α|. 2I would like to thank Marcus Spradlin for emphasizing this point to me.

– 2 – of this paper we prove that this choice is not consistent, if one requires the vertex to have an exponential form. The structure of the interaction vertex for large μ, in particular subleading corrections which are important in trying to generalize the proposal of [11] to the interacting gauge theory were studied in [21, 22]. The latter has some overlap with results presented in section 4 of this paper. Additional work on string interactions can be found in [23, 24], an interesting new development concerning string theory on non-maximally supersymmetric plane wave backgrounds is [25]. For the covariant formulation of string theory on plane wave backgrounds see [26, 27]. A first study of four-point correlation functions in the BMN limit was initiated in [28].

This paper is organized as follows. We begin with a brief review of the free light-cone string theory in section 2. In section 3 we discuss the interacting theory. The first part of this section deals with the bosonic contribution to the exponential part of the vertex and is included for completeness, all of the presented formulae were already derived in [8]. The second part of section 3 deals with the fermionic contribution to the exponential part of the vertex and slightly differs from the original result of [8]. A detailed proof of the expressions presented there is relegated to appendix B. Section 4 deals with properties of the Neumann matrices and the flat space limit of the exponential part of the vertex, in particular we generalize a flat space factorization theorem [6] to the pp-wave background, see also [22] were the same result is obtained. In section 5 we study in some detail the constituents of the prefactor. We begin with the oscillator expressions of the bosonic part which were already obtained in [9]. Using results of section 4 we then verify explicitly that the operator expressions [6, 7] for the bosonic constituents coincide up to a possibly μ-dependent normalization with the oscillator expressions when acting on the vertex. In the second part of section 5 we consider the fermionic constituent and relate the vector appearing in the oscillator expression to its bosonic counterpart and check that it has the correct flat space limit of [7]. In the end of this section we prove that in the fermionic case a non-trivial μ-dependent matrix appears in the relation between operator and oscillator expressions. We finish with conclusions in section 6, summarize some known identities [6] in appendix A and present the proof dealing with the fermionic zero-mode part of the vertex in appendix C.

2. Review of free string theory on the pp-wave

In this section we review some known facts about free light-cone string field theory in the maximally supersymmetric pp-wave background [4, 5, 8]. We begin with the bosonic part of the string light-cone action in the pp-wave background [4, 5]

S_{l.c.} = e(α) 4πα^′ ∫ dτ ∫_{2π|α|} 0 dσ [ ẋ^2 − x̀^2 − μ^2x^2 ] , (2.1)

where ẋ = ∂_τ x, x̀ = ∂_σx, |α| ≡ α^′|p^+|, e(α) ≡ sign(α) and p^+ < 0 (p^+ > 0) for incoming (outgoing) strings. We suppress the transverse index. The mode expansions of the fields

– 3 – x(σ, τ) and p(σ, τ) at τ = 0 are

x(σ) = x_0 + √ 2 ∞∑ n=1 ( x_n cos nσ |α| + x_{−n} sin nσ |α| ) ,

p(σ) = 1 2π|α| [ p_0 + √ 2 ∞∑ n=1 ( p_n cos nσ |α| + p_{−n} sin nσ |α| )] , (2.2)

where in terms of oscillators

x_n = i √ α^′ 2ω_n ( a_n − a^†_n ) , p_n = √ ω_n 2α^′ ( a_n + a^†_n ) , [ a_n, a^†_m ] = δ_{nm} (2.3)

and ω_n = √ n^2 + (μα)^2. The light-cone hamiltonian is H = 1 α ∑ n∈Z ω_n ( a^†_na_n + 4 ) . (2.4)

The zero-point energy will be cancelled by the fermionic contribution. The hamiltonian only depends on the two dimensionful quantities μ and α, i.e. α^′ and p^+ should not be treated separately.

The fermionic part of the action is [4, 5]

S_{l.c.} = 1 8π ∫ dτ ∫_{2π|α|} 0 dσ [ i(ϑ̄ϑ̇ + ϑ ˙ϑ̄) − ϑϑ̀ + ϑ̄`ϑ̄ − 2μϑ̄Πϑ ] , (2.5)

where ϑ^a is a complex positive chirality spinor of SO(8) (we mostly suppress the index a) and Π = Γ^1Γ^2Γ^3Γ^4 is symmetric and traceless, Π^2 = 1.

The mode expansion of ϑ and its conjugate momentum iλ ≡^i_{4π} ϑ̄ at τ = 0 is

ϑ(σ) = ϑ_0 + √ 2 ∞∑ n=1 ( ϑ_n cos nσ |α| + ϑ_{−n} sin nσ |α| ) ,

λ(σ) = 1 2π|α| [ λ_0 + √ 2 ∞∑ n=1 ( λ_n cos nσ |α| + λ_{−n} sin nσ |α| )] (2.6)

with the reality condition λ_n =^{|α|}_2 ϑ̄_n. The anticommutation relation {ϑ^a(σ), λ^b(σ^′)} = δ^{ab}δ(σ − σ^′) follows from {ϑ^a_n, λ^b_m} = δ^{ab}δ_{n,m}. To write the hamiltonian in canonical form in terms of fermionic operators b_n satisfying {b_n, b^†_m} = δ_{nm} define [8]

ϑ_n = c_n √ |α| [ (1 + ρ_nΠ)b_n + e(αn)(1 − ρ_nΠ)b^†_{−n} ] , (2.7)

where e(n) = sign(n), (e(0) ≡ 1) and

ρ_n = ρ_{−n} = ω_n − |n| μα , c_n = c_{−n} = 1 √ 1 + ρ^2_n

. (2.8)

Then the fermionic part of the light-cone hamiltonian is H = 1 α ∑ n∈Z ω_n ( b^†_nb_n − 4 ) . (2.9)

– 4 –

Notice that in the limit μ → 0 we have c_n(1 ± ρ_nΠ) → 1 and therefore

lim_{μ→0} ϑ_n = 1 √ |α| ( b_n + e(αn)b^†_{−n} ) . (2.10)

This allows to relate the b_n to the Q^{I,II}_n of [7] which will be useful when checking that the fermionic vertex has the correct flat space limit. For n > 0 we have in the limit μ → 0 b_n ←→ e(α) √ |α| Q^I_n , b_{−n} ←→ e(α) √ |α| Q^{II}_n , (2.11)

and [Q^{I,II}_n ]^† = e(α)Q^{I,II}_{−n}.

3. Interacting string theory

As already stated in the introduction, the cubic interaction vertex of light-cone string field theory can be split into two parts, determined by imposing the kinematic and dynamic constraints of the interaction. In this section we study the exponential part of the vertex which deals with the kinematic constraints. The prefactor that is determined by the dynamic constraints is the subject of section 5. The bosonic contribution to the exponential part of the three-string interaction vertex has to satisfy the kinematic constraints [6, 7] 3∑ r=1 p_r(σ_r)|E_a⟩ = 0 , 3∑ r=1 e(α_r)x_r(σ_r)|E_a⟩ = 0 . (3.1)

It can be obtained by evaluating the integral [6, 7]

|E_a⟩ = 3∏ r=1 ∫ dp_rψ(p_r)Δ^8

[_3 ∑ s=1 p_s(σ_s) ] |0⟩

= 3∏ r=1 ∏ n∈Z ∫ dp_{n(r)}ψ(p_{n(r)})δ^8 [_3 ∑ s=1 ( X^{(s)}p_s ) n ] |0⟩ . (3.2)

Δ^8[

∑_3 s=1 p_s(σ_s)] is the Delta-functional guaranteeing the continuous overlap of the string worldsheets in the interaction and ψ(p_{n(r)}) is the harmonic oscillator wavefunction for occupation number n

ψ(p_{n(r)}) = (ω_{n(r)}π α^′ )_{−1/4} exp ( − α^′ (2ω_{n(r)}) p^2_{n(r)} + √ 2α^′ ω_{n(r)} a^†_{n(r)}p_{n(r)} − 1 2 a^†_{n(r)}a^†_{n(r)} ) . (3.3)

The coordinates of the three strings are parameterized by

σ_1 = σ , −πα_1 ≤ σ ≤ πα_1 ,

σ_2 = { σ − πα_1 , πα_1 ≤ σ ≤ π(α_1 + α_2) , σ + πα_1 , −π(α_1 + α_2) ≤ σ ≤ −πα_1 , σ_3 = −σ , −π(α_1 + α_2) ≤ σ ≤ π(α_1 + α_2) . (3.4)

– 5 –

Here α_1 + α_2 + α_3 = 0 and α_3 < 0. We also use β ≡ α_1/α_3 and β + 1 = −α_2/α_3. The full Delta-functional takes the form [6, 7] Δ [_3 ∑ r=1 p_r(σ_r) ] ∼ ∏ m∈Z δ (_3 ∑ r=1 ∑ n∈Z X^{(r)}_{mn}p_{n(r)} ) . (3.5)

We ignored factors of √ 2 which can be absorbed in the measure. The matrices X^{(r)}_{mn} have the following structure [6, 7]^3

X^{(r)}_{mn} ≡ X^{(r)}_{mn} , m > 0 , n > 0 , α_3 α_r n m X^{(r)}_{−m,−n} , m < 0 , n < 0 , 1√ 2 X^{(r)}_{m0} , m > 0 , 1 , m = 0 = n , 0 , otherwise .

(3.6)

Here [6, 7]

X^{(1)}_{mn} ≡ (−1)^n 2mβ π sin mπβ m^2β^2 − n^2

, X^{(2)}_{mn} ≡

2m(β + 1) π sin mπβ m^2(β + 1)^2 − n^2

(3.7)

and X^{(3)}_{mn} = δ_{mn}. It is standard to perform the gaussian integral (3.2) and the result is [6, 7, 8] |E_a⟩ ∼ exp ( 1 2 a^{†T}_r N^{rs}a^†_s ) |0⟩ , (3.8)

where r, s ∈ {1, 2, 3}. The determinant factor coming from the functional determinants will be cancelled by the fermionic contribution except for the zero-mode part which is proportional to (^μ_{α′} )^2(^{α1α2}_{α3} )^2.

The Neumann matrices are [8] N^{rs}_{mn} = δ^{rs}δ_{mn} − 2 ( C^{1/2}_{(r)} X^{(r)T} Γ^{−1}_a X^{(s)}C^{1/2}_{(s)} ) mn , (3.9)

where [ C_{(r)} ] mn = ω_{m(r)}δ_{mn} , and Γ_a = 3∑ r=1 X^{(r)}C_{(r)}X^{(r)T} . (3.10)

From the structure of the X^{(r)} it follows that Γ_a is block diagonal and using the identities (A.5) in appendix A one can write the blocks as [8] (C_{mn} = mδ_{mn})

[Γ_a]_{mn} = ( C^{1/2}ΓC^{1/2} ) mn , m, n > 0 , −2μα_3 , m = 0 = n , ( C^{1/2}Γ_−C^{1/2} ) −m,−n , m, n < 0 , (3.11)

where Γ ≡ 3∑ r=1 A^{(r)}U_{(r)}A^{(r) T} , Γ_− ≡ 3∑ r=1 A^{(r)}_− U^{−1}_{(r)} A^{(r) T}_− . (3.12)

3The matrices X^{(r)}mn actually differ from the ones of [6, 7] by a factor of (−1)^m, which however has no physical significance.

– 6 –

Here A^{(r)}_{mn} = [C^{−1/2}X^{(r)}C^{1/2}]_{mn} for m, n > 0 and

U_{(r)} = C^{−1} ( C_{(r)} − μα_r1 ) , U^{−1}_{(r)} = C^{−1} ( C_{(r)} + μα_r1 ) , A^{(r)}_− = α_3 α_r C^{−1}A^{(r)}C . (3.13)

The matrix Γ (which reduces to the flat space Γ of [6, 7] for μ → 0) exists and is invertible, whereas Γ_− is ill-defined since the above sum is divergent. Nevertheless it is possible to derive a well-defined identity for Γ^{−1}_− [8]

Γ^{−1}_− = U_{(3)} ( 1 − Γ^{−1}U_{(3)} ) . (3.14)

Since Γ^{−1}_− is related to Γ^{−1} it is possible to relate the Neumann matrices with positive and negative indices. The only nonvanishing matrix elements with negative indices are N^{rs}_{−m,−n} for m, n > 0 related to N^{rs}_{mn} via [8] N^{rs}_{−m,−n} = − ( U_{(r)}N^{rs}U_{(s)} ) mn . (3.15)

Analogously to the bosonic contribution, the fermionic exponential part of the interaction vertex has to satisfy [6, 7] 3∑ r=1 λ_{(r)}(σ_r)|E_b⟩ = 0 , 3∑ r=1 e(α_r)ϑ_{(r)}(σ_r)|E_b⟩ = 0 . (3.16)

As in the bosonic case it could be obtained by constructing the fermionic analogue of the wavefunction (3.3) and then performing the resulting integrals over the non-zero-modes. The pure zero-mode contribution has to be treated separately. Notice that due to the structure of the X^{(r)}_{mn} the exponential will — as in flat space [6, 7] — contain a part which is linear in zero-mode oscillators. Instead of directly performing the functional integral the exponential can be obtained (up to the normalization) by making a suitable ansatz and imposing the constraints (3.16) [6, 7]. We find the following expression (cf. appendix B for the details; the notation is defined below)

|E_b⟩ ∼ exp 3∑ r,s=1 ∞∑ m,n=1 b^†_{−m(r)}Q^{rs}_{mn}b^†_{n(s)} − √ 2Λ 3∑ r=1 ∞∑ m=1 Q^r_mb^†_{−m(r)} |E^0_b ⟩ , (3.17)

where |E^0_b ⟩ is the pure zero-mode part of the fermionic vertex (see also the discussion below and appendix C)

|E^0_b ⟩ = 8∏ a=1 [_3 ∑ r=1 λ^a_{0(r)} ] |0⟩ (3.18)

and manifestly satisfies

∑_3 r=1 λ_{0(r)}|E^0_b ⟩ = 0 and

∑_3 r=1 α_rϑ_{0(r)}|E^0_b ⟩ = 0. Notice that |0⟩ is not the vacuum defined to be annihilated by the b_{0(r)}. Rather it satisfies ϑ_{0(r)}|0⟩ = 0 and

– 7 –

H_{(r)}|0⟩ = 4μe(α_r)|0⟩ so that the zero should be thought of as the occupation number. In the limit μ → 0 it coincides with the usual flat space vacuum. Furthermore

Q^{rs}_{mn} = e(α_r) √| | | α_s α_r | | | [ P^{−1}_{(r)} U_{(r)}C^{1/2}N^{rs}C^{−1/2}U_{(s)}P^{−1}_{(s)} ] mn ,

Q^r_n = e(α_r) √ |α_r| (1 − 4μαK)^{−1}(1 − 2μαK(1 + Π)) [ P_{(r)}C^{1/2}_{(r)} C^{1/2}N^r ] n , Λ = α_1λ_{0(2)} − α_2λ_{0(1)} . (3.19)

Here we introduced some more notation, namely α ≡ α_1α_2α_3, P_{n(r)} ≡ 1 − ρ_{n(r)}Π √ 1 − ρ^2_{n(r)} , K ≡ − 1 4 B^T Γ^{−1}B , N^r ≡ −C^{−1/2}A^{(r) T} Γ^{−1}B (3.20)

and the vector B_m is related to X^{(r)}_{m0} via X^{(r)}_{m0} = −ε^{rs}α_s(C^{1/2}B)_m. The scalar K and the vector N^r reduce to the quantities defined in [6, 7] in the flat space limit. Notice that our result (3.17) is slightly different from the one obtained in [8], in particular the terms proportional to Λ were absent. We will show in section 4 that as μ → 0 our expression (3.17) coincides with the flat space result of [7]. This however does not really prove that the above expression is correct since some structure is lost in the flat space limit. The analysis of appendix B however uniquely fixes the above expressions. Another important point is the following: our computations in appendix B show that it is essential for the consistency of the interaction that the zero-mode part |E^0_b ⟩ is annihilated by the combination ϑ_{0(1)} − ϑ_{0(2)} (as in flat space). This is a constraint induced by the non-zero-modes and hence not visible in supergravity. In a recent paper [20] it was proposed that in order to resolve present discrepancies [19] with the field theory proposal of [11] one should use a different zero-mode vertex |δ⟩ built on the vacuum annihilated by all the b_{0(r)}. We give a proof in appendix C, that this choice is not consistent if one requires the vertex to have an exponential form. In particular it should also satisfy (ϑ_{0(1)} − ϑ_{0(2)})|δ⟩ = 0, which is not the case.

4. Properties of the Neumann matrices and the flat space limit

In this section we analyze in more detail the exponential part of the vertex presented in the previous section. We check that in the flat space limit all the expressions reduce to the known ones derived long ago by Green, Schwarz and Brink [7]. As already stated this is only a consistency check which nevertheless is illuminating. A detailed proof of the expressions appearing in the exponential part of the vertex is presented in appendix B. Furthermore we generalize a flat space factorization theorem [6] for the bosonic Neumann matrices to the pp-wave background (the same expression was obtained independently in [22]) which might be useful for various purposes, such as the comparison of string and field theory computations.

– 8 –

For m, n > 0 the nonvanishing elements of the bosonic Neumann matrices are [8, 9] N^{rs}_{mn} = δ^{rs}δ_{mn} − 2 √ ω_{m(r)}ω_{n(s)} mn ( A^{(r) T} Γ^{−1}A^{(s)} ) mn , (4.1)

N^{rs}_{m0} = − √ 2μα_sω_{m(r)}ε^{st}α_tN^r_m , s ∈ {1, 2} , (4.2) N^{rs}_{00} = ( δ^{rs} + √ α_rα_s α_3 ) (1 − 4μαK) , r, s ∈ {1, 2} , (4.3) N^{r3}_{00} = δ^{r3} − √| | | α^r α_3 | | , r ∈ {1, 2, 3} . (4.4)

The terms in N^{rs}_{00} and N^{r3}_{00} that are not proportional to μ give the pure supergravity contribution to the Neumann matrices. The part of N^{rs}_{00} that is proportional to μ is induced by positive string modes of p_3. The only nonvanishing matrix elements with negative indices are N^{rs}_{−m,−n} related to the Neumann matrices with positive indices by (3.15). In flat space N^{rs}_{mn} is related to N^r_mN^s_n via^4 [6] N^{rs}_{mn} = −α (mn)^{3/2} α_rn + α_sm N^r_mN^s_n . (4.5)

Below we will derive a generalization of this formula for all μ (see also [22]). Let us introduce Υ ≡

∑_3 r=1 A^{(r)}U^{−1}_{(r)} A^{(r) T} = Γ + μαBB^T (cf. (A.5)). Its inverse is related to Γ^{−1} by (see also [22]) Υ^{−1} = Γ^{−1} − μα 1 − 4μαK ( Γ^{−1}B ) ( Γ^{−1}B )_T (4.6)

and thus Υ^{−1}B = 1 1 − 4μαK Γ^{−1}B . (4.7)

Then one can show that the following relations hold

A^{(r) T} C^{−1}U_{(3)}Γ^{−1} = A^{(r) T} C^{−1} + α_r α_3

C^{−1}U_{(r)}A^{(r) T} Γ^{−1} , r ∈ {1, 2} , (4.8)

Υ^{−1}U^{−1}_{(3)} C^{−1}A^{(r)} = C^{−1}A^{(r)} + α_r α_3

Υ^{−1}A^{(r)}U^{−1}_{(r)} C^{−1} , r ∈ {1, 2} , (4.9)

2C^{−1} = Γ^{−1}U_{(3)}C^{−1} + C^{−1}U_{(3)}Γ^{−1} + Υ^{−1}U^{−1}_{(3)} C^{−1} +

+ C^{−1}U^{−1}_{(3)} Υ^{−1} − α_1α_2Υ^{−1}B ( Γ^{−1}B )_T . (4.10)

From here we find using (4.6), (4.7) and (A.4) N^{rs}_{mn} = −(1 − 4μαK)^{−1} α α_rω_{n(s)} + α_sω_{m(r)} × × [ U^{−1}_{(r)} C^{1/2}_{(r)} CN^r ] m [ U^{−1}_{(s)} C^{1/2}_{(s)} CN^s ] n . (4.11)

Clearly eq. (4.11) reduces to eq. (4.5) as μ → 0. It coincides with the result obtained by [22]. It is useful to write the above in matrix form as

α_sC_{(r)}N^{rs} + α_rN^{rs}C_{(s)} = −α(1 − 4μαK)^{−1}U^{−1}_{(r)} C^{1/2}_{(r)} CN^r [ U^{−1}_{(s)} C^{1/2}_{(s)} CN^s ]_T . (4.12)

4Notice that in comparison with [6] we have N^{rs}_{here} = C^{1/2}N^{rs}_{there}C^{1/2}.

– 9 –

Using the above we can also give a simple expression for Q^{rs}_{mn} Q^{rs}_{mn} = −e(α_r) √| | | α_s α_r | | | m n (1 − 4μαK)^{−1} α α_rω_{n(s)} + α_sω_{m(r)} × × [ P^{−1}_{(r)} C^{1/2}_{(r)} CN^r ] m [ P^{−1}_{(s)} C^{1/2}_{(s)} CN^s ] n . (4.13)

In what follows we will show that as μ → 0 the expressions for |E_a⟩ and |E_b⟩ (cf. (3.8) and (3.17)) coincide with the flat space expressions of [7]. We begin with the bosonic contribution. In the limit μ → 0 and for n > 0 the a_n are related to the a^{I,II}_n of [7] as a_n ←→ 1 √ n a^I_n , a_{−n} ←→ i √ n a^{II}_n (4.14)

and [a^{I,II}_n ]^† = a^{I,II}_{−n}. Rewrite 1 2 ∑ r,s ∑ m,n∈Z a^†_{m(r)}N^{rs}_{mn}a^†_{n(s)} = 1 2 ∑ r,s ∞∑ m,n=1 a^†_{m(r)}N^{rs}_{mn}a^†_{n(s)} + ∞∑ m,n=1 a^†_{−m(r)}N^{rs}_{−m,−n}a^†_{−n(s)} +

+ 2 ∞∑ m=1 a^†_{m(r)}N^{rs}_{m0}a^†_{0(s)} + a^†_{0(r)}N^{rs}_{00}a^†_{0(s)} ] . (4.15)

Consider first the part linear in non-zero-mode oscillators. We have 3∑ r,s=1 ∞∑ m=1 a^†_{m(r)}N^{rs}_{m0}a^†_{0(s)} =

= √ 2μ 3∑ r=1 ∞∑ m=1 √ ω_{m(r)}a^†_{m(r)}N^r_m ( α_1 √ α_2a^†_{0(2)} − α_2 √ α_1a^†_{0(1)} ) . (4.16)

Using

a^†_0 = √ α^′ 2μ|α| p_0 + i √ μ|α| 2α^′ x_0 (4.17)

this can be further written as √ α^′ 3∑ r=1 ∞∑ m=1 √ ω_{m(r)}a^†_{m(r)}N^r_m ( P − i μα α^′ R ) . (4.18)

Here P = α_1p_{0(2)} − α_2p_{0(1)} and α_3R = x_{0(1)} − x_{0(2)}, [R, P] = i. The above expression reduces to the one in flat space [7] for μ → 0. The part quadratic in non-zero-mode oscillators obviously has the correct flat space limit using (3.15).

Finally the part quadratic in zero-mode oscillators is 3∑ r,s=1 a^†_{0(r)}N^{rs}_{00}a^†_{0(s)} = 3∑ r,s=1 a^†_{0(r)}M^{rs}_{Sugra}a^†_{0(s)} + 2Kα^′ ( P − i μα α^′ R )_2 . (4.19)

In the limit μ → 0 the second term reduces to the result in flat space [7]. The first term is divergent in the limit which is due to the fact that the supergravity particles are no longer confined by the harmonic oscillator potential and propagate in infinite volume.

– 10 –

Now consider the flat space limit of the fermionic expression |E_b⟩ in (3.17). We will need that lim_{μ→0} P^{−1}_{n(r)} = 1. Then we see from eqs. (3.19) that

lim_{μ→0} Q^{rs}_{mn} = √ |α_rα_s| α_r [ C^{1/2}N^{rs}C^{−1/2} ] mn , lim_{μ→0} Q^r_m = e(α_r) √ |α_r| [ CN^r ] m . (4.20)

Taking into account (2.11) we see that |E_b⟩ precisely coincides with the flat space expression eq. (4.21) of [7].

5. The constituents of the prefactor

The full expression for the superstring vertex involves an operator G, the so-called prefactor, necessary to ensure the realization of the superalgebra in the interacting theory [6]. In flat space this operator, when written in the continuum basis depends on p_r(σ), x̀_r(σ) and λ_r(σ). Since p_r(σ) and λ_r(σ) correspond to functional derivatives with respect to x_r(σ) and ϑ_r(σ) the only physically sensible value of σ to choose is the interaction point σ = ±πα_1. Since operators at this point are singular the prefactor must be carefully defined in the limit σ → |πα_1| [6]. In the end one obtains an expression containing both creation and annihilation operators of the various oscillators. The annihilation operators can be eliminated by (anti)commuting them through the exponential factors of the vertex. We then write GE_aE_b|0⟩ = E_aE_bG̃|0⟩, where ~G only contains the creation operators.

In this section we study the bosonic and fermionic constituents of the prefactor, relate the infinite component vectors that appear in their oscillator basis expressions and point out a subtlety in the relation between the continuum and oscillator basis expressions which is not present in the flat space case. This might have the consequence that the precise form of the prefactor derived in [8] has to be changed.

5.1 The bosonic constituents

An important constraint on the prefactor is that it must respect the local conservation laws ensured by |E_a⟩ and |E_b⟩. For the bosonic part this means that it must commute with [6, 7] [ 3∑ r=1 p_r(σ), ~G ] = 0 =

[_3 ∑ r=1 e(α_r)x_r(σ), ~G ] . (5.1)

Consider first an expression of the form

K_0 + K_+ = 3∑ r=1 ∞∑ m=0 F_{m(r)}a^†_{m(r)} . (5.2)

The Fourier transform of (5.1) leads to the equations [9] 3∑ r=1 [ X^{(r)}C^{1/2}_{(r)} F_{(r)} ] m = 0 = 3∑ r=1 α_r [ X^{(r)}C^{−1/2}_{(r)} F_{(r)} ] m . (5.3)

– 11 –

Here the components m = 0 and m > 0 decouple from each other. For m = 0 one finds [9]

F_{0(1)} = − √ 2 α^′ √ μα_1α_2 , F_{0(2)} = − √ α_1 α_2

F_{0(1)} , F_{0(3)} = 0 . (5.4)

Then K_0 can be written as K_0 = P − i μα α^′ R (5.5)

which has the correct flat space limit. So in contrast to a statement in [8] the term μR is included in the supergravity part of the prefactor and although in supergravity R|V ⟩ = 0 we have K^I_0K^J_0 |V ⟩ = [P^I P^J +^{μα}_{α′} δ^{IJ} ]|V ⟩ so the inclusion of R does make a difference.^5 The overall normalization of F_{0(1)} is not determined by (5.3) and could be any function f(μ) with lim_{μ→0} f(μ) = 1.^6 For m > 0 we have 3∑ r=1 [ A^{(r)}C^{−1/2}C^{1/2}_{(r)} F_{(r)} ] m = 1 √ α^′ μαB_m = 3∑ r=1 μα_r [ A^{(r)}C^{−1/2}C^{−1/2}_{(r)} F_{(r)} ] . (5.6)

Subtracting the second equation from the first one 3∑ r=1 [ A^{(r)}C^{1/2}C^{−1/2}_{(r)} U_{(r)}F_{(r)} ] m = 0 . (5.7)

Using the first identity in (A.5) gives [9]

F_{m(r)} = 1 α_r [ C^{1/2}_{(r)} C^{1/2}U^{−1}_{(r)} A^{(r) T} V ] m (5.8)

with V_m an arbitrary vector determined by plugging the above expression for F_{m(r)} in, say, the second equation in (5.6). The complete solution is [9]

F_{m(r)} = α √ α^′ 1 α_r [ C^{1/2}_{(r)} C^{1/2}U^{−1}_{(r)} A^{(r) T} Υ^{−1}B ] m . (5.9)

The matrix Υ was introduced in section 4. Using eq. (4.7) one can show that

F_{m(r)} = − 1 √ α^′ α 1 − 4μαK 1 α_r [ U^{−1}_{(r)} C^{1/2}_{(r)} CN^r ] m (5.10)

and as μ → 0

lim_{μ→0} (K_0 + K_+) = P − α √ α^′ 3∑ r=1 ∞∑ m=1 1 α_r [ CN^r ] m √ ma^†_{m(r)} (5.11)

coincides with the flat space result of [7].

5Moreover R|V ⟩ is no longer zero in the full string theory, so to obtain a consistent expression for the prefactor R has to be included, as was in fact done in [9] when working with the oscillator expressions.

6In [15] this normalization was fixed to be a constant by comparing the results of [8] with a supergravity calculation.

– 12 –

From the expression for F_{m(r)} in (5.10) we see that the equations in (5.3) are actually constraints on N^r B + 3∑ r=1 A^{(r)}C^{1/2}U_{(r)}N^r = 0 , 3∑ r=1 1 α_r A^{(r)}C^{3/2}N^r = 0 (5.12)

precisely satisfied by N^r = −C^{−1/2}A^{(r) T} Γ^{−1}B.

Now take into account the negative modes, i.e. consider

K_− = 3∑ r=1 ∞∑ m=1 F_{−m(r)}a^†_{−m(r)} . (5.13)

This leads to the equations [9] 3∑ r=1 1 α_r [ A^{(r)}C^{1/2}C^{1/2}_{(r)} F_{(r)} ] −m = 0 = 3∑ r=1 [ A^{(r)}C^{1/2}C^{−1/2}_{(r)} F_{(r)} ] −m . (5.14)

Comparing the second equation with (5.7) it is clear that

F_{−m(r)} ∼ U_{m(r)}F_{m(r)} . (5.15)

However, if one substitutes this into the first equation one actually sees that the sum is divergent [6, 7, 9]. This phenomenon already appears in flat space and it is known [6] that the function of σ responsible for the divergence is δ(σ − πα_1) − δ(σ + πα_1). Since ±πα_1 are actually identified this divergence is harmless but the precise normalization in (5.15) has to be determined by other means.

In flat space the prefactor can be alternatively defined as follows. Consider the operators defined via their action on |V ⟩ [6, 7] ∂X|V ⟩ = 4π √ −α α^′ lim σ→πα_1 (πα_1 − σ)^{1/2} (x̀_1(σ) + x̀_1(−σ)) |V ⟩ , P |V ⟩ = −2π √ −α lim_{σ→πα1}(πα_1 − σ)^{1/2} (p_1(σ) + p_1(−σ)) |V ⟩ . (5.16)

These expressions contain creation and annihilation operators. The claim is that after commuting the annihilation operators through the exponential and taking the limit σ → πα_1 we have^7 ( P + 1 4π ∂X ) |V ⟩ = (K_0 + K_+ + K_−) |V ⟩ ≡ K|V ⟩ , ( P − 1 4π ∂X ) |V ⟩ = (K_0 + K_+ − K_−) |V ⟩ ≡ ~K|V ⟩ . (5.17)

Substituting the mode expansion of p_1(σ) into (5.16) yields P |V ⟩ ≡ 3∑ r=1 ∞∑ m=0 P_{m(r)}a^†_{m(r)}|V ⟩ = (5.18)

= − 2 α_1 √ −α √ α^′ lim_{e→0} ε^{1/2} 3∑ r=1 ∞∑ m=0 [_∞ ∑ n=1 (−1)^n √ ω_{n(1)} cos ( nε α_1 ) N^{1r}_{nm} ] a^†_{m(r)}|V ⟩ . 7Notice that in comparison with [8, 9] we changed the sign in the definition of ∂X. Then K ↔ XGS and ~K ↔ ~X_{GS} as compared to [6].

– 13 –

Now the singular behavior of the sum as ε → 0 can be traced to the way it diverges as n → ∞. Therefore to take the limit ε → 0 we can approximate the summand for large n. Thus for m > 0 and n large

N^{1r}_{n0} ∼ − √ 2μα_rnε^{rt}α_tN^1_n , N^{1r}_{nm} ∼ − α α_r 1 1 − 4μαK ( C^{1/2}N^1 ) n ( U^{−1}_{(r)} C^{1/2}_{(r)} CN^r ) m , (5.19)

where we used (4.11). Hence we find for m > 0

P_{0(1)} = f(μ)F_{0(1)} , P_{0(2)} = − √ α_1 α_2

P_{0(1)} , P_{m(r)} = f(μ)F_{m(r)} . (5.20)

Here we defined f(μ) ≡ −2 √ −α α_1 lim_{e→0} ε^{1/2} ∞∑ n=1 (−1)^nn cos ( nε α_1 ) N^1_n (5.21)

which is equal to one for μ = 0 [6]. It is not clear to us that or even if this still holds for μ non zero but we will not need the precise form of f(μ) in what follows. Thus we have shown that P |V ⟩ = f(μ) (K_0 + K_+) |V ⟩. For the negative modes we get 1 4π ∂X|V ⟩ ≡ 3∑ r=1 ∞∑ m=1 ∂X_{−m(r)}a^†_{−m(r)}|V ⟩ = (5.22)

= 2i √ α^′ √ −α α_1 lim_{ε→0} ε^{1/2} 3∑ r=1 ∞∑ m=1 [_∞ ∑ n=1 (−1)^n n √ω_{n(1)} cos(nε/α1)N^{rs}−n,−m ] a^†_{−m(r)}|V ⟩ .

Using that N^{1r}_{−n,−m} ∼ −N^{1r}_{nm}U_{m(r)} for large n we see that

∂X_{−m(r)} = iU_{m(r)}P_{m(r)} . (5.23)

Hence F_{−m(r)} = iU_{m(r)}F_{m(r)} which differs by a factor of i from the result of [9]. As μ → 0 it reduces to the flat space result of [7]. So we have seen that the continuum basis operators and the oscillator expressions coincide up to a possibly μ-dependent normalization. Since we do not fix the normalization anyway this is not important. We will see however in the next subsection that the situation is slightly different in the fermionic case.

5.2 The fermionic constituent

The fermionic part of the prefactor has to satisfy the conditions {_3 ∑ r=1 λ_r(σ), ~G } = 0 =

{_3 ∑ r=1 e(α_r)ϑ_r(σ), ~G } . (5.24)

Consider Y = 2∑ r=1 G_{0(r)}λ_{0(r)} + 3∑ r=1 ∞∑ m=1 G_{m(r)}b^†_{m(r)} . (5.25)

– 14 –

For the zero-modes we can set the coefficient of, say, λ_{0(3)} to zero due to the property of the fermionic supergravity vertex that

∑_3

r=1 λ_{0(r)}|E^0_b ⟩ = 0 . The Fourier transform of (5.24) leads to the equations 3∑ r=1 1 √ |α_r| [ A^{(r)}CC^{−1/2}_{(r)} P_{(r)}G_{(r)} ] m = 0 ,

− [ C^{1/2}B ] m 2∑ r,s=1 ε^{rs}α_rα_sG_{0(r)} + 3∑ r=1 e(α_r) √ |α_r| [ C^{1/2}A^{(r)}C^{−1/2}_{(r)} P^{−1}_{(r)} G_{(r)} ] m = 0 . (5.26)

The components m = 0 and m > 0 decouple from each other (the term proportional to B is absent for m = 0). For m = 0 we have

G_{0(1)} = − √ 2 α^′ α_2 , G_{0(2)} = √ 2 α^′ α_1 . (5.27)

As in the previous subsection the normalization is only determined up to a matrix y_{ab}(μ) with lim_{μ→0} y_{ab}(μ) = δ_{ab}. For m > 0 we can rewrite the second equation as 3∑ r=1 e(α_r) √ |α_r| [ A^{(r)}C^{−1/2}_{(r)} P^{−1}_{(r)} G_{(r)} ] m = α √ α^′ B_m . (5.28)

Then

G_{m(r)} = e(α_r) √ |α_r| [ P^{−1}_{(r)} C^{1/2}_{(r)} A^{(r) T} W ] m (5.29)

solves the first equation using (A.5) with W_m an arbitrary vector that is determined by the second equation. The final solution is

G_{m(r)} = α √ a^′ e(α_r) √ |α_r| [ P^{−1}_{(r)} C^{1/2}_{(r)} A^{(r) T} ~Υ^{−1}B ] m . (5.30)

Here ~Υ ≡ 3∑ r=1 A^{(r)}P^{−2}_{(r)} A^{(r) T} , ~Υ^{−1} = Γ^{−1} − 1 2 μα 1 − 4μαK ( Γ^{−1}B ) ( Γ^{−1}B )_T (1+Π) . (5.31)

Hence G_{(r)} can be expressed via F_{(r)} as

G_{(r)} = (1 − 2μαK(1 − Π)) √ |α_r|P^{−1}_{(r)} U_{(r)}C^{−1/2}F_{(r)} . (5.32)

As μ → 0 we have

lim_{μ→0} Y = √ 2 α^′ Λ + 3∑ r=1 ∞∑ m=1 F_{m(r)} √ m √ |α_r|b^†_{m(r)} . (5.33)

Taking into account that √ |α_r|b^†_{m(r)} ↔ Q^I_{−m(r)} this is exactly the flat space expression of [7]. As a further check of the previous equations, in particular 5.32, we note that upon

– 15 – substitution of G_{(r)} one can show that the constraints determining G_{(r)} reduce again to the two equations given in (5.12). In flat space the operator Y (σ) = −2π √ −2α √ α^′ (πα_1 − σ)^{1/2} (λ_1(σ) + λ_1(−σ)) (5.34)

satisfies lim_{σ→πα1} Y (σ)|V ⟩ = Y|V ⟩. Substituting the mode expansion for λ_1(σ) we get

Y |V ⟩ = − √ 2 α^′ √ −2α α_1 lim_{ε→0} ε^{1/2} ∞∑ n=1 (−1)^n cos ( nε α_1 ) ×

× [ √ 2ΛQ^1_n + 3∑ r=1 ∞∑ m=1 Q^{1r}_{nm}b^†_{m(r)} ] |V ⟩ . (5.35)

For large n

Q^1_n ∼ 1 √ α_1

(1 − 4μαK)^{−1}(1 − 2μαK(1 + Π)) [ CN^1 ] n , Q^{1r}_{nm} ∼ √ α^′ α_1

(1 − 4μαK)^{−1}(1 − 2μαK(1 + Π)) [ CN^1 ] n G_{m(r)} . (5.36)

Then

Y_0 = f(μ)(1 − 4μαK)^{−1}(1 − 2μαK(1 + Π)) √ 2 α^′ Λ , Y_{m(r)} = f(μ)(1 − 4μαK)^{−1}(1 − 2μαK(1 + Π))G_{m(r)} . (5.37)

So we have shown that Y |V ⟩ = f(μ)(1 − 4μαK)^{−1}(1 − 2μαK(1 + Π))Y|V ⟩, i.e. for the fermionic constituent a non-trivial μ-dependent matrix appears in the relative normalization.

6. Conclusions

In this paper we studied light-cone superstring field theory on the maximally supersymmetric pp-wave background. Our main results are a modified expression for the fermionic contribution to the exponential part of the vertex as compared to [8], the generalization of a flat space factorization theorem [6] to the pp-wave background (see also [22]) and simple expressions for the fermionic Neumann matrices in terms of the bosonic ones. We analyzed the oscillator and continuum basis expressions for the constituents of the prefactor in detail and pointed out that in contrast to flat space the relation between the two is non trivial in the fermionic case. As a consistency check, we have shown that all expressions appearing in the exponential as well as the prefactor part of the interaction vertex coincide with the flat space results of [7] in the limit μ → 0.

Acknowledgments

I am grateful for discussions with Gleb Arutyunov and Jan Plefka. In particular I would like to thank Bogdan Stefański and Stefan Theisen for very useful comments on the manuscript. This work was supported by GIF, the German-Israeli foundation for Scientific Research.

– 16 –

A. Some summation formulae

It is convenient to introduce the matrices for m, n > 0 C_{mn} = mδ_{mn} , A^{(1)}_{mn} = (−1)^n 2 √ mnβ π sin mπβ m^2β^2 − n^2 = ( C^{−1/2}X^{(1)}C^{1/2} ) mn , A^{(2)}_{mn} = 2 √ mn(β + 1) π sin mπβ m^2(β + 1)^2 − n^2 = ( C^{−1/2}X^{(2)}C^{1/2} ) mn , A^{(3)}_{mn} = δ_{mn} (A.1)

and the vector (m > 0) B_m = − 2 π α_3 α_1α_2 m^{−3/2} sin mπβ (A.2)

related to X^{(r)}_{m0} via X^{(r)}_{m0} = −ε^{rs}α_s ( C^{1/2}B ) m . (A.3)

These quantities satisfy some very important identities that were derived in [6]. They are − α_3 α_r CA^{(r)T} C^{−1}A^{(s)} = δ^{rs}1 , − α_r α_3

C^{−1}A^{(r)T} CA^{(s)} = δ^{rs}1 , A^{(r)T} CB = 0 (A.4) for r, s ∈ {1, 2} and 3∑ r=1 1 α_r A^{(r)}CA^{(r) T} = 0 , 3∑ r=1 α_rA^{(r)}C^{−1}A^{(r) T} = α 2 BB^T , (A.5)

where α ≡ α_1α_2α_3. In terms of the big matrices X^{(r)}_{mn}, m, n ∈ Z the relations (A.4) and (A.5) can be written in the compact form ( X^{(r)T} X^{(s)} ) mn = − α_3 α_r δ^{rs}δ_{mn} , r, s ∈ {1, 2} , 3∑ r=1 α_r ( X^{(r)}X^{(r)T} ) mn = 0 . (A.6)

B. The exponential part of the vertex

The bosonic part The bosonic constraints the exponential part of the vertex has to satisfy are 3∑ r=1 ∑ n∈Z X^{(r)}_{mn}p_{n(r)}|V ⟩ = 0 , 3∑ r=1 ∑ n∈Z α_rX^{(r)}_{mn}x_{n(r)}|V ⟩ = 0 . (B.1)

For m = 0 this leads to 3∑ r=1 p_{0(r)}|V ⟩ = 0 , 3∑ r=1 α_rx_{0(r)}|V ⟩ = 0 . (B.2)

– 17 –

Substituting (2.3) and commuting the annihilation operators through the exponential this requires 3∑ r,s=1 √ |α_r| [ ( N^{rs}_{00} + δ^{rs} ) a^†_{0(s)} + ∞∑ n=1 N^{rs}_{0n}a^†_{n(s)} ] |V ⟩ = 0 , (B.3) 3∑ r,s=1 e(α_r) √ |α_r| [ ( N^{rs}_{00} − δ^{rs} ) a^†_{0(s)} + ∞∑ n=1 N^{rs}_{0n}a^†_{n(s)} ] |V ⟩ = 0 . (B.4)

Using the expressions given for N^{rs}_{0n} and N^{rs}_{00} in (4.2) and (4.3) and (4.4) one can check that the above equations are satisfied trivially, i.e. without further use of additional non-trivial identities. For m > 0 we find the following constraints

B + 3∑ r=1 A^{(r)}C^{1/2}U_{(r)}N^r = 0 , (B.5)

A^{(s)}C^{−1/2}_{(s)} U^{−1}_{(s)} + 3∑ r=1 A^{(r)}C^{−1/2}_{(r)} U_{(r)}C^{1/2}N^{rs}C^{−1/2} = 0 , (B.6)

−α_sA^{(s)}C^{−1/2}_{(s)} + 3∑ r=1 α_rA^{(r)}C^{−1/2}_{(r)} C^{−1/2}N^{rs}C^{1/2} = αB [ C^{1/2}_{(s)} C^{1/2}N^s ]_T . (B.7)

Equation (B.5) is identical to the first equation in (5.12). To prove eqs. (B.6) and (B.7) substitute the expression for N^{rs} given in (4.1). For m < 0 there is one additional constraint

A^{(s)}C^{−1/2}_{(s)} U^{−1}_{(s)} − α_s 3∑ r=1 1 α_r A^{(r)}C^{1/2}_{(r)} U_{(r)}C^{1/2}N^{rs}C^{−1/2}C^{−1}_{(s)} = 0 (B.8)

which can be verified by subtracting it from eq. (B.6) and using (4.12). Here the identity 3∑ r=1 α_rA^{(r)}C^{−1/2}N^r = 2αKB . (B.9)

is used.

The fermionic part

The fermionic constraints the exponential part of the vertex has to satisfy are 3∑ r=1 ∑ n∈Z X^{(r)}_{mn}λ_{n(r)}|V ⟩ = 0 , 3∑ r=1 ∑ n∈Z α_rX^{(r)}_{mn}ϑ_{n(r)}|V ⟩ = 0 . (B.10)

For m = 0 this leads to 3∑ r=1 λ_{0(r)}|V ⟩ = 0 , 3∑ r=1 α_rϑ_{0(r)}|V ⟩ = 0 . (B.11)

– 18 –

These equations are satisfied by construction of the zero-mode part of |V ⟩. For m > 0

we get

B + 3∑ r=1 e(α_r) √ |α_r|A^{(r)}C^{−1/2}_{(r)} P_{(r)}Q^r = 0 , (B.12) √ |α_s|A^{(s)}C^{−1/2}_{(s)} P^{−1}_{(s)} + 3∑ r=1 e(α_r) √ |α_r|A^{(r)}C^{−1/2}_{(r)} P_{(r)}Q^{rs} = 0 , (B.13)

− √ |α_s|A^{(s)}C^{−1/2}_{(s)} P_{(s)} + 3∑ r=1 e(α_r) √ |α_r|A^{(r)}C^{−1/2}_{(r)} P^{−1}_{(r)} Q^{sr T} = αBQ^{s T} (B.14)

and α_3Θ|V_0⟩ ≡ (ϑ_{0(1)} − ϑ_{0(2)})|V_0⟩ = 0. The latter equation is satisfied by the zero-mode

part of the vertex given in eq. (3.18). For m < 0 the constraints are 3∑ r=1 1 √ |α_r| A^{(r)}CC^{−1/2}_{(r)} P^{−1}_{(r)} Q^r = 0 , (B.15)

A^{(s)}CC^{−1/2}_{(s)} − e(α_s) √ |α_s| 3∑ r=1 1 √ |α_r| A^{(r)}CC^{−1/2}_{(r)} P^{−1}_{(r)} Q^{rs}P^{−1}_{(s)} = 0 , (B.16)

A^{(s)}CC^{−1/2}_{(s)} + e(α_s) √ |α_s| 3∑ r=1 1 √ |α_r| A^{(r)}CC^{−1/2}_{(r)} P_{(r)}Q^{sr T} P_{(s)} = 0 . (B.17)

Now eqs. (B.12) and (B.15) uniquely determine

Q^r = e(α_r) √ |α_r| (1 − 4μαK)^{−1}(1 − 2μαK(1 + Π))P_{(r)}C^{1/2}_{(r)} C^{1/2}N^r . (B.18)

Furthermore comparing eqs. (B.13) and (B.6) we see that

Q^{rs} = e(α_r) √| | |α^s α_r | |P^{−1}_{(r)} U_{(r)}C^{1/2}N^{rs}C^{−1/2}U_{(s)}P^{−1}_{(s)} (B.19)

solves (B.13). Using

P^{−2}_{(r)} U_{(r)}N^{rs}U_{(s)}P^{−2}_{(s)} = N^{rs} + μα(1 − 4μαK)^{−1}C^{1/2}_{(r)} N^r [ C^{1/2}_{(s)} N^s ]_T (1 − Π) (B.20)

establishes (B.14) by virtue of (B.7). Equation (B.16) is satisfied due to the identity

A^{(s)}C^{−1/2}_{(s)} − α_s 3∑ r=1 1 α_r A^{(r)}C^{−1/2}_{(r)} C^{3/2}N^{rs}C^{−3/2} = 0 (B.21)

which can be proved using the expression for N^{rs} given in (4.1). Finally, eq. (B.17) is

identical to (B.6). This concludes the determination of the exponential part of the fermionic

vertex.

– 19 –

C. A note on the fermionic zero-mode vertex

Here we prove that the recent proposal of [20] for the fermionic zero-mode vertex leads to inconsistencies not visible in supergravity, if one requires the vertex to have an exponential form. Recall that their proposal is to use [20]

|δ⟩ = 8∏ a=1 3∑ r,s=1 α_sλ^a_{0(r)}ϑ^a_{0(s)} |v⟩ (C.1)

instead of |E^0_b ⟩ as the fermionic zero-mode vertex. Here |v⟩ is annihilated by all the b_{0(r)} and breaks SO(8) to the SO(4) × SO(4) × Z_2 symmetry of the pp-wave background. Expressing λ_{0(r)} and ϑ_{0(r)} in terms of b_{0(r)}, b^†_{0(r)} it is easy to see that

|δ⟩ = α^8_3 8∏ a=1 [ 1 − (√ −β b^†_{0(1)} + √ β + 1 b^†_{0(2)} ) b^†_{0(3)} ] |v⟩ . (C.2)

Let us introduce Y_0 ≡ √ α_1α_2 2 [√ α_1 b^†_{0(2)} − √ α_2 b^†_{0(1)} ] . (C.3)

Then one can show Λ|δ⟩ = 1 2 (1 + Π)Y_0|δ⟩ , Θ|δ⟩ = − 1 α (1 − Π)Y_0|δ⟩ , (C.4)

i.e. (1 − Π)Λ|δ⟩ = 0 = (1 + Π)Θ|δ⟩. Now the most general ansatz for the exponential part of the fermionic vertex is

|E_b⟩ ∼ exp 3∑ r,s=1 ∞∑ n=1 b^†_{0(r)} ( Q^{rs}_{0n}b^†_{−n(s)} + ~Q^{rs}_{0n}b^†_{n(s)} ) +

+ 3∑ r,s=1 ∞∑ m,n=1 b^†_{−m(r)}Q^{rs}_{mn}b^†_{n(s)} |δ⟩ . (C.5)

Consider the first constraint in eq. (B.10). The m = 0 component is satisfied by construction of |δ⟩ [20]. One can show that the conditions arising for m > 0 and m < 0 imply that Q^{rs}_{0n} = 1 2 (1 + Π)ε^{rt} √ α_rα_tQ^s_n , ~Q^{rs}_{0n} = 0 (C.6)

and furthermore reduce to the eqs. (B.12), (B.13) and (B.17) of appendix B. In fact, we could have started with the expressions for Q^{rs} and ~Q^{rs} right away in the ansatz for |E_b⟩, because we know that Λ will appear in |E_b⟩ in the way it does in eq. (3.17) since this term arises from integration over the non-zero-modes, which is independent of the choice for the zero-mode vacuum. Eliminating the part in Λ which contains annihilation operators (cf. eq. (C.4)) then yields eq. (C.6). Now the m = 0 component of the constraint involving

– 20 – ϑ_r(σ_r) is satisfied by construction of |δ⟩ [20] and the m < 0 component results in eqs. (B.15) and (B.16). However the m > 0 component requires that − 1 α (1 − Π)Y_0|δ⟩ = 0 , − √ |α_s|A^{(s)}C^{−1/2}_{(s)} P_{(s)} + 3∑ r=1 e(α_r) √ |α_r|A^{(r)}C^{−1/2}_{(r)} P^{−1}_{(r)} Q^{sr T} = 1 2 (1 + Π)αBQ^{s T} . (C.7)

Both of these equations are not consistent. Clearly the first equation (which is equivalent to the condition Θ|δ⟩ = 0, cf. eq. (C.4) is not satisfied, since Y_0 just contains creation operators. The second equation is the same as (B.14), except for the factor of^1_2 (1 + Π) on the r.h.s. But we know that Q^r and Q^{rs} are uniquely determined by the eqs. (B.12)–(B.17) so this leads to a contradiction as well, since all the other equations are unchanged. Hence, with an exponential form of the vertex, |δ⟩ is not a consistent choice for its fermionic zero-mode part.

References

[1] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, A new maximally supersymmetric background of iib superstring theory, J. High Energy Phys. 01 (2002) 047 [hep-th/0110242].

[2] R. Penrose, Any space-time has a plane-wave as a limit in Differential geometry and relativity, M. Cahen and M. Flato eds., Reidel, Dordrecht, Netherlands 1976, pp. 271–275.

[3] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and PP waves from N = 4 super Yang-Mills, J. High Energy Phys. 04 (2002) 013 [hep-th/0202021].

[4] R.R. Metsaev, Type-IIB Green-Schwarz superstring in plane wave Ramond-Ramond background, Nucl. Phys. B 625 (2002) 70 [hep-th/0112044].

[5] R.R. Metsaev and A.A. Tseytlin, Exactly solvable model of superstring in plane wave Ramond-Ramond background, Phys. Rev. D 65 (2002) 126004 [hep-th/0202109].

[6] M.B. Green and J.H. Schwarz, Superstring interactions, Nucl. Phys. B 218 (1983) 43.

[7] M.B. Green, J.H. Schwarz and L. Brink, Superfield theory of type-II superstrings, Nucl. Phys.

B 219 (1983) 437.

[8] M. Spradlin and A. Volovich, Superstring interactions in a PP-wave background,

hep-th/0204146.

[9] M. Spradlin and A. Volovich, Superstring interactions in a PP-wave background, 2,

hep-th/0206073.

[10] C. Kristjansen, J. Plefka, G.W. Semenoff and M. Staudacher, A new double-scaling limit of N = 4 super Yang-Mills theory and PP-wave strings, hep-th/0205033.

[11] N.R. Constable, D. Z. Freedman, M. Headrick, S. Minwalla, L. Motl, A. Postnikov and W. Skiba, PP-wave string interactions from perturbative Yang-Mills theory, J. High Energy Phys. 07 (2002) 017 [hep-th/0205089].

[12] D.J. Gross, A. Mikhailov and R. Roiban, Operators with large R charge in N = 4 Yang-Mills theory, Ann. Phys. (NY) 301 (2002) 31 [hep-th/0205066].

– 21 –

[13] A. Santambrogio and D. Zanon, Exact anomalous dimensions of N = 4 Yang-Mills operators with large-R charge, hep-th/0206079.

[14] C.S. Chu, V.V. Khoze and G. Travaglini, Three-point functions in N = 4 Yang-Mills theory and pp-waves, J. High Energy Phys. 06 (2002) 011 [hep-th/0206005].

[15] Y.-J. Kiem, Y.-B. Kim, S.-M. Lee and J.-M. Park, PP-wave/Yang-Mills correspondence: an explicit check, Nucl. Phys. B 642 (2002) 389 [hep-th/0205279].

[16] M.-X. Huang, Three point functions of N = 4 super Yang-Mills from light cone string field theory in PP-wave, Phys. Lett. B 542 (2002) 255 [hep-th/0205311].

[17] P. Lee, S. Moriyama and J.-w. Park, Cubic interactions in PP-wave light cone string field theory, hep-th/0206065.

[18] M.-X. Huang, String interactions in PP-wave from N = 4 super Yang-Mills,

hep-th/0206248.

[19] U. Gürsoy, Vector operators in the BMN correspondence, hep-th/0208041. [20] C.-S. Chu, V.V. Khoze, M. Petrini, R. Russo and A. Tanzini, A note on string interaction on the PP-wave background, hep-th/0208148.

[21] I.R. Klebanov, M. Spradlin and A. Volovich, New effects in gauge theory from PP-wave superstrings, hep-th/0206221.

[22] J.H. Schwarz, Comments on superstring interactions in a plane-wave background,

hep-th/0208179.

[23] R. Gopakumar, String interactions in PP-waves, hep-th/0205174. [24] H. Verlinde, Bits, matrices and 1/N, hep-th/0206059.

[25] J. Maldacena and L. Maoz, Strings on PP-waves and massive two dimensional field theories,

hep-th/0207284.

[26] N. Berkovits, Conformal field theory for the superstring in a Ramond-Ramond plane wave background, J. High Energy Phys. 04 (2002) 037 [hep-th/0203248].

[27] N. Berkovits and J. Maldacena, N = 2 superconformal description of superstring in Ramond-Ramond plane wave backgrounds, hep-th/0208092.

[28] N. Beisert, C. Kristjansen, J. Plefka, G.W. Semenoff and M. Staudacher, BMN correlators and operator mixing in N = 4 super Yang-Mills theory, hep-th/0208178.

– 22 –